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Monitoring and control of batch pulp digesters, which convert wood chips to pulp
by Kraft process are discussed. The Kappa number, which represents the extent of
delignification, is the key controlled variable, which cannot be measured on-line
and must be estimated through secondary liguor measurements. Given a fixed batch
time, the final Kappa number should be as close to the target Kappa number as
possible, despite errors in the initial state estimates and input disturbances. To fulfill
this objective, a state-observer-based model-predictive controller is designed using
a detailed nonlinear dynamic model of the digester. The extended Kalman filter
(EKF) using on-line measurements of various liquor characteristics is capable of
recovering from significant errors in the initial state estimates. In addition, the EKF
is shown to be robust to the errors in the covariance matrices and most model
parameters, but quite sensitive to some model parameter errors. Coupled with the
EKF, a finite-horizon model predictive controller (MPC) based on successive lin-
earization of the nonlinear pulping model, is found to work efficiently for controlling

the Kappa number and batch time.

Introduction

In a batch pulping unit, it is desired to achieve consistent
pulp quality despite inconsistent feedstocks and changing op-
erating conditions. Advanced controllers are implemented for
pulp digesters to improve the uniformity of pulp quality, to
reduce the production cost and to save energy (Dumont, 1986).
Furthermore, if a proper level of delignification is not achieved
during pulping, it necessitates more chemical consumption dur-
ing bleaching of the pulp, leading to more toxic wastes.

Figure 1 shows a simple process diagram of a batch digester.
Pulp digesters usually use the Kraft pulping process, in which
an aqueous mixture of sodium hydroxide and sodium sulphide
(called white liguor) is used to break away the lignin from
cellulose fibers of wood, producing pulp of a desired Kappa
number. Kappa number is a common measure of the residual
lignin content in the pulp. In the batch process, the cooking
reaction is stimulated by raising the digester temperature, which
in turn is accomplished by either direct injection of steam or
circulating a portion of the cooking liquor through an external
heat exchanger. We will consider the latter method in this
article: the temperature and the flow rate of the circulating
liquor will be manipulated to control the Kappa number. Prop-
erties of feedstocks may vary from batch to batch, and in
industry it is not possible to note the exact amount of such
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Figure 1. Batch pulp digester.

variations. An example of such variations would be types of
woods used or proportion of two types of wood chips used as
a mixture, both of which will alter wood compositions. Apart
from this, there is also the possibility of unmeasured disturb-
ances (due to errors in the transmitter signals and actuators)
entering through the recirculation flow rate and temperature.
The maximum allowed magnitudes and rates of change for
inputs are usually limited by design or process considerations.
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For example, the maximum achievable temperature of the re-
circulation and its rate of change are limited by the design of
the heater; similarly, the maximum flow rate of the recircu-
lation is limited by the pumping capacity. The control objective
is to monitor the Kappa number and to manipulate the inputs
during the batch so that the Kappa number of pulp decreases
in a desired fashion to its target value within a given batch
time, despite various initial state uncertainties, disturbances,
process constraints, and so on.

Two factors have impeded development of suitable on-line
control techniques for pulp digesters: the lack of detailed un-
derstanding of the pulping phenomena and the inability to
measure the Kappa number on-line. Even though pulping is
an ancient method, many intricate details of its chemistry are
still unknown, and a fundamental dynamic model is still in an
evolving stage. In industry, control of a pulp digester relies
mostly on manual adjustments of cooking temperature or on
a controller based on various empirical models. Empirical
models such as the Hatton’s model (1973) or Chari’s model
(1973) can be used to adjust cooking temperature, based on
feed-forward measurements obtained at the start of each batch.
Feedback measurements of the Kappa number, which can be
made only after pulp is withdrawn as product at the end of
cooking, are also used in some control algorithms to modify
model or controller parameters from time to time. Due to the
inherent delay of single batch time for such measurements,
however, it is impossible to account for the feedstock variations
occurring from batch to batch. In addition, empirical param-
eters have to be reestimated each time when some major changes
occur within the process. Some empirical models such as the
Chari’s model (1973), Kerr model (Kerr and Uprichard, 1976),
or similar models (such as those proposed by Wells, 1990;
Venkateswarlu and Gangiah, 1992) can use on-line measure-
ments of effective alkali and temperature to adjust cooking
temperature (and/or model parameters). Howeveér, while these
strategies may work well in one case, they may fail elsewhere
because of the empirical nature of these models. At present,
researchers are focusing on developing semiempirical or fun-
damental models such as the Purdue model (Williams and
Smith, 1975; Williams et al., 1984), static material balance
models (Poulonis and Krishnagopalan, 1991), or statistically
correlated models (Armstrong, 1991).

Since direct on-line measurement of the Kappa number is
not possible (pulp cannot be taken out of the digester during
cooking), the extent of delignification must be inferred from
available secondary measurements. This difficulty is aggra-
vated by the fact that accurate initial state estimates are often
unavailable. This means that a model-based controller will not
be successful unless these initial state errors are corrected by
a state observer. In the past, the only liquor measurements
utilized for control were those of the liquor temperature and
effective alkali. However, these two measurements alone are
unlikely to provide sufficient information to recover from sig-
nificant initial state errors within reasonable time. Recently,
new liquor analyzers have been developed to obtain more prop-
erties of the Kraft liquor (such as liquor lignin concentration,
solid concentration). Since these properties depend on the ex-
tent of reaction, they provide us with additional information
on how the pulping progresses in real time. Therefore, these
new measurement techniques have opened the door for design
of a more efficient Kappa number estimator. Among various
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nonlinear estimation techniques, the extended Kalman filter
(EKF) (Kopp and Oxford, 1963; Cox, 1987b) has been the
most popular choice. The EKF requires much less on-line com-
putation than other more rigorous estimation methods using
nonlinear optimization. In control literature, good conver-
gence properties of EKF in estimating not only the states but
also model parameters have been reported for a number of
chemical and biochemical systems, many of which are reaction
systems similar to the pulp digester (Bellgardt et al., 1986;
Corcoran and Rutan, 1988; Myers and Luecke, 1991; Wells,
1971). If designed properly, the EKF is expected to yield good
estimates for most batch processes, provided sufficient meas-
urements are available.

Control of a batch digester is inevitably a nonlinear control
problem. Because most chemical processes are highly nonlinear
and many of them need to be operated over a wide range, the
topic of nonlinear control has received much attention lately,
from theoreticians and practitioners alike. A wide array of
nonlinear control techniques are available these days, ranging
from simple gain scheduling of linear controllers to more rig-
orous nonlinear techniques such as the differential-geometry-
based approach and nonlinear model predictive control
(NLMPC or NMPC) (Bequette, 1991). Among these tech-
niques, particularly NLMPC has been drawing considerable
interest from industry, owing largely to its ability to address
many practical issues (such as process constraints) in a unified
framework. Two approaches to the nonlinear model predictive
control can be envisaged: gain scheduling and nonlinear op-
timization. The main idea of the first approach is to transform
the nonlinear system into a time-varying linear system so that
the standard linear MPC technique can be applied. In the
second approach, setpoint tracking error minimization is for-
mulated as a nonlinear programming (NLP) problem by dis-
cretizing the model differential equations (Beigler and Cuthrell,
1987; Rawlings et al., 1990). High numerical complexity and
computational requirement have thus far prevented practical
implementation of the method.

Among the gain scheduling techniques, the successive lin-
earization approach stands out as a well-accepted choice as it
represents a good compromise between the theoretical rigor
and computational efficiency. Garcia (1984) first proposed
nonlinear quadratic dynamic matrix control (NLQDMC), in
which the future output behavior is predicted by integrating
the nonlinear model differential equation while holding all the
inputs constant at the values corresponding to the previous
time step. The effect of future input moves is then estimated,
based on the model linearized at the current state estimates
and added. To account-for unmeasured disturbances and other
state errors, a bias term (corresponding to the difference be-
tween the measurement and the estimated output) is added
uniformly to the predicted output. The use of the open-loop
state estimator, as well as the bias measurement update step
in this method, is somewhat heuristic, but he showed good
results in applying the technique to a polymerization process.
Recently, Gattu and Zafiriou (1992) extended NLQDMC to
unstable processes by incorporating the steady-state Kalman
filter, which is redesigned at each time step based on the locally
linearized model. This method combines the closed-loop ob-
server with an open-loop disturbance estimator in a heuristic
manner and does not build state estimates of the frue states;
therefore, it is not suitable for inferential control problems.
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More recently, Lee and Ricker (1993) proposed a similar tech-
nique, based on the Extended Kalman filter. In their approach,
physical state disturbances are modeled as appropriate non-
stationary stochastic processes, and the EKF is used to con-
struct the estimates for the true states. Future outputs are
predicted by integrating the nonlinear model with the current
state estimates, using the local linear approximation for com-
puting the effect of future input moves. The technique is ex-
pected to work well for inferential control, since it estimates
the ““true’’ states by modeling the initial errors and physical
disturbances as appropriate stochastic variables.

This article presents an application study of the EKF-based
NLMPC technique to the outlined batch pulp digester problem,
taking advantage of the measurements from the new liquor
analyzers. Its purpose is to assess the feasibility and potential
benefits of using such advanced sensor and control techniques
for pulp digester control and to investigate the required model
accuracy for successful application. The study is based on a
simulator developed using a fundamental kinetic model. The
ability of the EKF to converge to the true Kappa number in
the presence of significant unmeasured initial state errors and
disturbances is examined, as well as the effect of various on-
line liquor measurements on the quality of state estimation.
While the estimate from the EKF using the conventional liquor
measurements alone fails to converge to the true Kappa number
within reasonable time, the additional liquor measurements
provided by the new sensors speed up the convergence dra-
matically. The successive linearization-based MPC is shown
to control the batch time efficiently, given that the Kappa
number estimate converges to its true value sufficiently early.
Finally, our study shows that the EKF-based MPC is quite
robust to the errors in most of the model/design parameters,
but is sensitive to certain sets of model parameters like the
activation energies of the reaction.

Control difficulties addressed here are common among other
control problems of industry. The proposed nonlinear control
algorithm is of manageable computational complexity and
therefore is applicable to a broad range of control problems
at the present time. To enhance the tutorial value of the article,
less emphasis is given to the theoretical aspects of the technique
and the focus is on the implementational aspects, such as the
formulation of physical issues within the given theoretical
framework, choice of tuning parameters, and step-by-step im-
plementation of the algorithm.

Formulation of Model and Control Problem

In this section, we describe the dynamic model, as well as
the states, outputs, inputs and disturbances of the pulp diges-
ter. We also show how to obtain an augmented form of the
discretized process and disturbance models. Our model is
adopted from (Williams and Smith, 1975; Williams et al., 1984)
who first applied the complex chemistry of pulping in a simple
fashion and developed the kinetic model for wood components
undergoing the reaction. The resulting model is based on the
mass and energy balances for the three phases of the reaction
mixture: wood or pulp, entrapped liquor (residing within the
pores of wood or pulp), and free or bulk liquor phases. The
14 coupled ordinary differential equations detailed in Appen-
dix A can be written in the following standard state-space form:

52 January 1994 Vol. 40, No. 1

x=f(x, u, d) )]
¥'=Hx+ H 2)
J=g(x,d)+v 3

where f and g represent the nonlinear relationships expressed
in the model equations, and x, )°, y, 4, d, and » are vectors
containing states, controlled outputs, measured outputs, ma-
nipulated inputs, unmeasured disturbances and output noises,
respectively. The notion * for y is used to emphasize the fact
that the measured outputs are corrupted by noise. For sim-
plicity, it is assumed that the controlled variables are linear
combinations of states and disturbances. The specific elements
of the above vectors are discussed below.

States

The state vector consists of 14 variables including five wood
compositions, four entrapped liquor compositions, four free
liquor compositions, and temperature:

x=[Xi - XsCp - C, Gy -+ G TV 4

Controlled output

The controlled variable y° for pulping is the Kappa number
(X), which is defined as (Williams and Smith, 1975):

K =653.6(X,+X,) &)

where (X, + X;) represent the total lignin concentration in the
pulp.

Measured output

The usual on-line measured outputs consist of the temper-
ature (7T) and effective alkali (§) of the free liquor. Effective
alkali in free liquor is defined as:

62.0
&= C,,g)—.—0 ()]

It represents the net amount of Na,O present as NaOH in the
free liquor. The effective alkali can be determined from the
measurement of the conductivity of the liquor. Recently, a
novel on-line sensor technique has been developed at Auburn
University, enabling the real-time estimation of not only the
temperature and effective alkali, but also the total solid con-
centration (S;) and lignin concentration (L) of the cooking
liquor (Poulonis and Krishnagopalan, 1991). These outputs
can be determined from the measurements of UV absorption
and refractive index of the liquor. Liquor lignin concentration
is due to all types of lignin from wood, and liquor solid con-
centration is due to all types of dissolved components from
wood including the lignin:

L _/= C fi (7)
S=C+ G, ®)
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The measured output vector can be written as:

y=[T &S LY &)
In some cases studies presented here, we will use only a subset
of the four measurements to evaluate the benefits of using
particular measurements.

Manipulated inputs

The manipulated variables consist of the recirculation tem-
perature and flow rate:

(10

These variables are controlled by the lower-level loops, the set
points of which are to be provided by the Kappa number
control system.

Unmeasured disturbances and output noises

Measurements are inevitably corrupted by noise, and the
noise effect needs to be considered in analyzing and designing
a control system. In general, measurement noises are modeled
adequately as zero-mean random variables (such as white noise).
The covariances of these random variables are often unknown
and must be regarded as parameters to be adjusted through
simulation and/or on-line tuning.

Knowledge of sources and nature of disturbances is quite
limited in most cases. Unmeasured disturbances can enter a
process through unexpected variations in external inputs. For
state estimation, disturbances are usually modeled as stochastic
processes of the form:

xg=A"x¢_y+ Bw,_;

)

di=C"x¢ (12)
where w, is white noise. The knowledge of the disturbance
characteristics, as well as their intensity and frequency, is uti-
lized in choosing the disturbance model parameters 4", B,
and C”, as well as the covariance matrix for w,.

For the batch pulp digester, the only plausible unmeasured
disturbances (besides the feedstock variations that are better
expressed as initial state estimate errors) are the discrepancies
between the controller-specified setpoints and actual values of
the manipulated inputs, caused by transmitter/actuator errors
in the lower-level loops. We use the knowledge that such dis-
turbances are likely to change in a random walk fashion:

dis1=di+wy (13)
where d, and w, represent the integrated and ordinary white
noises at time k. Equation 13 can be expressed in the standard
form of Eq. 11 as:

. 1oy, Jro
X4y = lek+ 01 Wi
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d,, and d,, are the unmeasured disturbances to be added to the
controller outputs (setpoints for the recirculation temperature
and flow rate, respectively) to represent the actual values of

these variables:
T, T d,
= +
F r F r: de

where T; and F; are the setpoints for T, and F, provided by
the Kappa number controller. Again, the covariance matrix
of w, is difficult to estimate @ priori and is better determined
through simulation or on-line tuning.

Assuming zero-order hold and the sampling time of T,, a
discrete form of the model (Egs. 1-3) is given by:

(16)

xk=fo(xk~b Uy, dyy) 17
yi=ka+Hddk (18)
Fi=8(xe, di) + v, (19

where k=1, 2, and so on is the index for the discrete time
sequence and f7, (x,_,, 4;_,, di_;) is the state vector obtained
by integrating the model (Eq. 1) for one sampling interval with
initial condition x,_, and constant inputs u,_, and d,_,.

Combining the process model (Eqs. 17-19) with the dis-
turbance model (Eqgs. 11-12), we arrive at the following aug-
mented model:

X, Xi—1s Ug_1, C¥x¢ 0
[ ::|=[f1,( k-1 uwk": Xk 1):|+[ .]wk—l (20)
Xy A"xi B"

yi=Hx,+ Hd, @n

Je=8 (X C"XZ) + vy (22)

This model will be the basis of our further discussion.

Extended-Kaiman-Filter-Based Nonlinear Model
Predictive Control

In this section, the EKF-based NLMPC technique proposed
by Lee and Ricker (1993) is reviewed briefly. The step-by-step
procedure for implementation is as follows.

Step 1: initiation

Set the time index to zero: k= 0. Start with the initial values
of inputs u,, estimates of the states Xy, and disturbance states
x%e. The notation { -}, represents the estimated value of a
vector or matrix at time k based on measurements up to time
L

Choose the initial covariance matrices required to run the
EKF, namely, the covariances of the error between the esti-
mated and true values of the states (Z,0), of the state noise
(R") and of the measurement noise R”. L,y should be chosen
according to the expected magnitudes of the errors in the state
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estimates as well as any known correlations among them. R”
and R’ can be selected based on the expected magnitudes of
various disturbances and noise. These matrices have strong
influence on the quality of estimation, and their values may
need to be retuned further after implementation. Select con-
troller parameters such as the size of the prediction horizon
(p), number of control moves (m) to be computed each time,
and weighting matrices for the outputs (A’) and inputs (A")
for the optimization objective. Note that A” and A" are usually
chosen as diagonal matrices, and 7 may be specified to be less
than p. Like the EKF, MPC parameters may require further
tuning to yield the best results. Also determine effective con-
straints for various inputs and outputs, and the future reference
values of the controlled outputs.

Step 2: model update

Set k=k+ 1. Update the states by integrating the nonlinear
model (Eq. 1) with the initial conditions x;_,,_, and constant
inputs u,_, and C"x;_ - .

State:

W W W
Xiclk—1 AYXE k-1

[xklk—l] = [fT,(xk—llk—l’ Uk—1, wal‘(v—llk—l)} @3)

Also update the state error covariance matrix as follows:
State Error Covariance:

Titk-1= B Zec a1 B0 + TR (T (24)
&,_, and I'” are given by:
o [ Ak BEiC” 05
1=1 A"
™= 0 (26)
= pv

Matrices A,_, and B{_, are obtained through linearization and
discretization of Eq. 1 with respect to (xy_;1_1, Us—;, C"X5_1);
their definitions are in Appendix B.

Step 3: measurement corrections

Correct the state estimates using the current measured output

e
State:
Xklk Xielk - a wow
[ :, }= [ t,k l] +Lef P —8(Xpie—1s C™xue-)] (27)
Xiclk Xilk-1
In Eq. 27, L, is the Kalman filter gain given by:
Li=Zok B (Be - Eem EA+ R ! (28)
where
2.=[CCICT 29)
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C, and C{ are obtained by linearizing the output equation (see
Appendix B for definition). The state error covariance matrix
T4 also needs to be updated accordingly.

State Error Covariance:

L= [I_LkEk]Eklk—l (30)

Step 4: output prediction

The optimal prediction of the controlled outputs (y°) for p
future time steps using the local linear approximation of the
model can be written as:

Yoo 116 =S5 Xates Ue—1, Xi1e) + SEXF0+ SEAU,

S Y0 e+ SEAU, G
where
Yesrk Auy
YR ROl FRCTIE Bls 32
yi-;pik Auk;—p—l

SE(Xe1e> Ui—1» X214) is the vector of future outputs obtained by
integrating the nonlinear model equation (Eq. 1) with the as-
sumption of no change in the inputs and disturbance trends.
Sy and S* are constant matrices constructed from various
Jacobian matrices (obtained via local linearization) and reflect
the effect of current disturbances and future input changes on
the controlled variables, respectively. Hence, in this step, the
vector S (Xeix Ux_1» X0 and matrices S, S need to be
constructed by performing nonlinear integration and local lin-
earization, respectively. The exact definitions for these vector
and matrices can be found in Appendix B.

Step 5: control move computation

Find a sequence of m control moves that minimizes the
following objective:

Tqi‘xkl TAY (Y= Ree I3+ A AU, N3 (33)

such that
A==y, , 1 =0. (34)
WY <, sul®, 0<li<sm-—1 (35)
— AT Ay < AU, O<ls=m-—1 (36)
YIS Ve =Y, 1=<I<p (37

where ®,, 1, =[rf. 1k - -ri.,ul’ is @ vector containing future
reference values. Because prediction equation (Eq. 31) is linear
in A9U,, the above optimization can be solved via standard
quadratic programming.

Vol. 40, No. 1 AIChE Journal



Unmeasured
Set point disturbances Noise
trajectory I
NMPC Pulp
Controller vl Digester
Inputs
Set Point Em
Update Estimated Filter Liquor
states measurements

Figure 2. State estimation based NLMPC (or NMPC)
controller.

Step 6: implementation and continuation

Implement the first element of the calculated control moves
AU, wy=u, |+ Au,. If control is to be continued to the next
time step, go back to step 2.

t\pplication of EKF-Based NLMPC to Batch Diges-
er

Our objective, as already mentioned, is to monitor the pulp
Kappa number and control the batch time, in the presence of

errors in the initial state estimates and unmeasured input dis-
turbances. Unlike many other industrial reactions, pulping is
a slow reaction process requiring a few hours to complete.
This means that changes in the state variables will be small
over a typical sampling interval (of three minutes or so). Hence,
the local linearization-based NLMPC technique is expected to
yield adequate state estimates and control.

To ensure stability and convergence of the EKF, on-line
measurements carrying information on the states of the model
must be available. For inferential control problems, states con-
stituting the controlled outputs are not reflected directly in the
measured outputs. In many cases, however, the time sequence
of the measured outputs can provide sufficient amount of
information for estimating the controlled variables (this con-
dition is called ‘‘observability’” in control parlance). Newly
developed on-line analyzers, like those measuring the lignin
and solid concentrations in the free liquor, can provide valuable
information based on which the progress of the pulping re-
action can be followed in real time. Such measurements, being
closely related to the delignification and dissolution of wood,
are more useful for estimating the Kappa number than the
temperature and effective alkali measurements.

Figure 2 shows the extended-Kalman-filter-based nonlinear
model predictive controller applied to the batch digester control
problem. Further discussions of the model and plant data used,
design of the state estimator, design of the controller, selection

Table 1. Initial States and Errors Used for Various Case Studies

Initial Errors

(1At0 1D & 2)*

Initial Errors Noise Intensities

States True Values Type 1 Type 2 (1E only)* (1D only)**
X, = high-reactive lignin conc. 0.0528 -0.01 0.01 +0.02 0.0005
(mass fraction in wood)
X, = low-reactive lignin conc. 0.2112 -0.05 0.05 +0.08 0.002
(mass fraction in wood)
X, = cellulose conc. 0.4852 -0.02 0.02 +0.10 0.005
(mass fraction in wood)
X, = galactoglucomannan conc. 0.1428 -0.02 0.02 +0.05 0.001
(mass fraction in wood)
X = araboxylan conc, 0.0722 -0.01 0.01 +0.03 0.0007
(mass fraction in wood)
C,, =total lignin conc. 0 0 0 0 0.3
(kg/m? in entrapped liquor)
C,, =total solid conc. 0 0 0 0 0.5
(kg/m’ in entrapped liquor)
C,,=NaOH conc. 0 0 0 0 0.2
(kg/m’ in entrapped liquor)
C,,=NaSH conc. 0 0 0 0 0.02
(kg/m’® in entrapped liquor)
C;, =total lignin conc. 1 -1 -1 -2 0.3
(kg/m’ in free liquor) @)
C,,=total solid conc. 2 -2 -2 -3 0.5
(xg/m? in free liquor) 3
Cy,=NaOH conc. 47.6327 -3 3 +4 0.2
(kg/m? in free liquor)
"= NaSH conc. 11.3535 -2 2 +3 0.02
(kg/m® in free liquor)
T =temperature (°C) 80 -1 1 +2 1

*1A to IE & 2 represent various case studies.

** White noises of these intensities are added to each state for case study 1D.

ta_

- & ‘““+ signs stand for type-1 & type-2 initial errors respectively.

T Higher values are used in case study 1D, since in this case study errors are larger but estimates remain the same as other case studies.
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Table 2. Operating Conditions Used for Simulation

Operating Conditions Values
Initial dry wood mass (kg) 100
Dimensions of wood chip (m) 0.08 X 0.08 x 0.005
Porosity of wood chip 0.5
Dry wood density (kg/m’) 425
Initial white liquor volume (m?) 0.35
Initial Kappa number 172.5
Target Kappa number 49

Cooking time (h) 2
Sampling time (h) 0.05

of the process constraints, and choice of the setpoint trajectory
in the context of Lee and Ricker’s technique are given next.

Model and plant data

Most of the plant and model data are presented by Williams
et al. (1982, 1987). Table 1 includes true initial values of the
14 states, errors introduced to the estimates of these true initial
states for different case studies. The initial state errors (types
1 and 2) used in our simulation represent only two of infinitely
many possible sets of errors. There is no specific reason for
the choice of errors; however, it may be noted that these two
types of errors are of opposite signs. By introducing these errors
to the initial state estimates, we examine how well the extended
Kalman filter recovers from them.

Other initial conditions and operating data used are given
in Table 2. Data for the model parameters are shown in Table
3. A sampling time of 3 min is used since it is the minimum
time required presently to collect and analyze all the four
measurements.

To assess the performance of the estimator, the estimated
output is compared with the actual plant output. Actual plant
outputs are generated by integrating the model equations with
the true values of the states and parameters. Zero-mean ran-
dom variables, each of unit variance, are added to the plant
outputs to simulate the measurement noise (v). Furthermore,
unmeasured disturbances (d) entering the recirculation tem-
perature and flow rate were simulated as random walk proc-
esses generated by integrating the white noises (w) of
covariances 4.0e — 02 and 9.0e —- 06, respectively.

State estimator design

State estimation is made using the recursive EKF algorithm
in steps 2 and 3. Performance of the EKF is affected by the
choice of various design parameters including the initial state-
error covariance matrix Loy, the state-noise covariance matrix
R”, and the output-noise covariance matrix R”. These matrices
are to be chosen according to the expected magnitudes (and
frequencies) of the stochastic signals. L, is usually chosen as
a diagonal matrix unless one has a priori knowledge on the
correlations among the errors in different states. Each diagonal
element is set in proportion to the square of the expected error
in the estimate of the corresponding state variable. The choice
of R and R’ should also reflect the statistical average of the
changes in the unmeasured disturbances and magnitudes of
the output noises, respectively. More often, however, these
covariance matrices are chosen heuristically and are further
adjusted on-line for the best performance. In general, large
values in Ly, and R" increase the speed of update, but raises
the sensitivity to measurement noise and model errors. Large
values in R” have the opposite effect.

With these guidelines and after some fine-tuning, we ended
up with the covariance matrices shown in Table 4. L, was

Table 3. Model Parameters Used for Simulation

Parameters

Values

A, = first frequency factors for five
wood components (h~' (kg/m’) ")
A, =second frequency factor for five
wood components (h~! (kg/m*) %)
E, = first activation energy for five
wood components (kcal/mol)

E, =second activation energy for five
wood components (kcal/mol)

a=reaction order w.r.t. NaOH
b=reaction order w.r.t. NaSH

X, =conc. of unreactive wood components
(mass fraction)
S, = stoichiometric coefficient of NaOH for
five wood components (kg/kg)

S.,, = stoichiometric coefficient of NaOH for
five wood components (kg/kg)

M, = first constant in mass-transfer coeff.
equation (m/h)
M, =second constant in mass-transfer coeff.
equation {(m/h-K)
AH,;=heat of reaction, for all components
(kcal/kg wood component reacted)

Cp.,, = specific heat of wood components
(kcal/(kg-K)) for all components

19.41, 4.16e + 12, 445.12,
108.00, 7.05¢+ 05

7.00e + 03, 2.75e+ 04, 8.30e+03,
6.00e + 03, 1.75¢ + 04

639.28, 33.77, 1.94¢ + 03,
717.94, 3.95¢+ 18

7.50e + 03, 9.00e+ 03, 1.00e+ 04,
9.00e + 03, 4.0e+04

0.5
0.5

0,0,0.71, 025, 0
0.166, 0.166, 0.395, 0.395, 0.395
0.0546, 0.0546, 0, 0, 0
-0.06
2.0e-04
102.8

0.36
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Table 4. Tuning Parameters and Process Constraints Used in the Controller Algorithm

Estimator Tuning Matrices

Values

Initial state error covariance (Zq)0)

Measurement noise covariance (R")
State noise covariance (R")

diag ([1.0e—04, 2.5¢—03, 4.0e — 04, 4.0e - 04,

1.0e-04,0,0,0,0,1,4,9,4, 1))
diag ({1, 1, 10, 5))
diag ([1.0e - 04, 1.0¢—06])

Controller Tuning Factors Values
No. of prediction horizons (p) 10
No. of control moves (m) 10
Output weighing matrix (A”) diag ([1])
Input weighing matrix (A¥) diag ({1.0e — 06 1.0e - 06])
Constraints Values
Mazx. recirculation temp. (T, ) 250°C
Min. recirculation temp. (7, ) Digester temperature in °C
Max. recirculation flow (F,_) 0.5 m’/h
Min. recirculation flow (F,_) 1 m¥/h
Max. temperature change (A7, ) 10°C
per sampling time
Max. flow rate change (AF, ) 0.1 m*/h

per sampling time

chosen to be commensurate with the initial state errors in Table
1. In selecting R’, it was found that the state estimates were
very sensitive to noises in the solid and lignin concentration
measurements. Furthermore, noises in the solid concentration
measurements were found to influence the filter performance
more than noises in the lignin concentration measurements.
Various covariance values were tried for the solid and lignin
concentrations, before making the particular choice. In se-
lecting R", it was assumed that the state noises enter only
through the disturbance states x"; noise models for the other
states were assumed to be unknown or nonexistent. The cov-
ariances of white noises entering x* were chosen according to
the expected errors (deviation from the controller-specified
setpoints) in the manipulated variables.

Model predictive controller design

Control moves are calculated by minimizing the quadratic
objective function in Eqs. 33-37, utilizing the output prediction
equations (Egs. 31-32). The MPC controller requires choosing
several tuning parameters: the size of prediction horizon (p),
the number of input moves computed each time (m), output
weighting factor (A”) and input weighting factor (A“). Elements
of A’ are selected on the basis of their relative importance with
respect to the others. Selection of the elements in A* is based
on two factors: 1. one should consider the relative importance
of the input move minimization (and therefare robustness) with
respect to the setpoint error minimization; 2. among various
inputs, one may decide which one should vary more slowly
than others. While tuning p and m, note that increasing p
generally leads to more robust control at the cost of more
computation. For batch process requiring the end-time control,
a large prediction horizon may be preferable. It should, how-
ever, also be noted that the linearized model may alter con-
siderably between sampling times, in which case too large a
prediction horizon may not be helpful. Provided enough com-
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puting capability exists, setting m equal or near to p leads to
more aggressive control action and tends to improve the overall
performance in the presence of active constraints.

With these guidelines and after some tuning, parameters in
Table 4 are chosen. Since the Kappa number is the only con-
trolled output (¥°) and there are two manipulated inputs (u),
A’ contains only a single parameter and A* contains two pa-
rameters. Without loss of generality, A” was set at unity and
the other two parameters for A” were adjusted. Very small
values were found to work well for these two parameters,
because the input constraints were set tightly enough to provide
smooth, robust control moves. The reason for choosing the
prediction horizon p and number of control moves m as 10 is
that lower values of p and m resulted in inferior performance,
while increasing them further did not lead to any noticeable
improvement.

Process Constraints. Process constraints, that can be in-
corporated into the MPC algorithm, may vary widely from
one pulping plant to another. Typical data in the literature
only mention the constraints for the cooking temperature,
which is usually in the range of 160 to 180°C. We assigned
the maximum value of the recirculation temperature to be
somewhat higher than this range. Since no cooling can be done
beyond the existing temperature inside the digester, this gives
us a lower bound of the recirculation temperature. Constraints
on the recirculation flow rate were chosen according to our
physical intuition, considering the digester capacity (free liquor
volume). Finally, the rate constraints of both inputs were also
chosen according to our physical intuition. Values of the input
constraints incorporated into the algorithm are shown in Table
4. We did not impose any output constraint in the algorithm.

Set-Point Trajectory. Inspecifying the reference trajectory
of the Kappa number for MPC, we examined two options:
using a prespecified trajectory and updating it at each time
step based on the current estimate of the Kappa number. The
first option was found to work inadequately leaving offset at
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the end since the proper Kappa number trajectory depends on
the true initial conditions which are unknown. For the second
option, because the reference trajectory is updated at each
sampling time and we are using a relatively short prediction
horizon compared to the batch time, a linear trajectory cal-
culated in the following manner was found to be adequate:

Ky — XKy

Fevog =X — 1

where r,,q, is the current setpoint for the Kappa number at
time k + ¢, 3, the estimated value of the current Kappa num-
ber, and X, the target Kappa number, #, f; and / represent
the current time, final batch time, and sampling interval, re-
spectively.

Results and Discussions

We used MATLAB/SIMULINK for dynamic simulation
and MPC calculation. The performance of the controller is
judged by how close the final Kappa number is to the target
Kappa number for a fixed batch time. For assessing the ef-
ficiency of the EKF, we note how fast the estimated Kappa
number converges to the true value. Note that although sim-
ulations have been performed for all the following case studies
with both types of initial errors, due to the space limitation,
we present here only some of the results.

Case study 1

In the first case study, we will compare results for the fol-
lowing cases:

Case 1A. No measurement is used for state estimation
{open-loop control).

Case 1B. Measurements of the temperature and effective
alkali are used for state estimation.

Case IC. All four measurements, lignin and total solid
concentrations, effective alkali and temperature, are used for
state estimation.

Case 1D. All four measurements are used for state esti-
mation, but actual states are disturbed by random noises which
have not been considered in the assumed model of unmeasured
disturbances. In other words, the true states are calculated as:

x=f(x, u, dy+w, 39)
where w, is unmodeled white noise. Table 1 shows the inten-
sities of such unmodeled state noise used for the simulation.
Physically, such random noise may account for additional state
errors caused by model errors or unmodeled disturbances.

Case 1E. All four measurements are used for state esti-
mation, but much larger errors are present in the initial state
estimates than reflected by Ey,. Table 1 shows the errors used
in this case study.

Figure 3 shows how the estimated Kappa number profile
differs from the true profile in case 1A for a particular type
of initial state errors (such as type 1). Figures 4, 5, 6 and 7
show similar plots for case 1B (type 2 initial errors), case 1C
(both types 1 and 2 initial errors), case 1D (type 1 initial errors)
and case 1E (type 2 initial errors), respectively. The following
observations can be made from these plots:
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Figure 3. Case study 1A with type-1 initial state errors,
when no measurement is used.

¢ Open-loop control (case 1A) results in a large offset in the
Kappa number estimate, and we are left with undercooked or
overcooked pulp.

¢ In going from case 1A to case 1B, use of the effective
alkali and temperature measurements results in significant im-
provement. Initial errors, however, are not fully recovered until
near the end of the batch time, and accurate control of the
Kappa number and batch time is not achieved. Therefore,
effective alkali and temperature measurements alone are in-
sufficient for efficient recovery from significant errors in the
initial state estimates. This is expected since, as already men-
tioned, the effective alkali and temperature measurements are
not related strongly to the delignification rate and therefore
they do not carry enough information to recover the true value
of the Kappa number within a short period of time.

e In case 1C, estimation improves dramatically. The esti-
mated Kappa number converges to the true value faster than
the earlier cases and reaches the target value accurately at the
end of the scheduled batch time. In addition to the lignin
concentration, other states (not shown here) approach their
true values, with very little residual errors. Clearly this has
been made possible by the additional liquor lignin and solid
concentration measurements, which are more closely related
to the delignification of wood than the effective alkali and
temperature measurements. Hence, they are critical for the
performance of the Extended Kalman filter.

e In case 1D, we find that the state noise unaccounted for
in the Kalman filter design has some effect on the quality of
the estimation, but the estimates still recover quite efficiently.

Vol. 40, No. 1 AIChE Journal



250 - -
200
g
o 150
=%
(=%
Q 100
50
0 L L A *
0 0.5 1 1.5 2
Estimated Kappa no. ----------
True Kappa no. —
200
s
el
< %
3 & 100
£g
{5
22 0 . . .
0 0.5 1 1.5 2
1 r v ,
g 1]
i
3%
i 0
BE 0.5 . N1 [br
0 0.5 1 1.5 2

Figure 4. Case study 1B with type-2 initial state errors,
closed-loop plot of estimated and true Kappa
number profiles when two measurements are
used.

Some offset observed at the end can be attributed to the state
noise that perturb the states continuously and is not due to
the initial errors.

® From results of case 1E, we observe that significantly
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Figure 5. Case study 1C with both types of initial state
errors, closed-loop plot of estimated and true
Kappa number profiles when all four meas-
urements are used.
A) Type-1 initial state errors; B) type-2 initial state
errors.
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Figure 6. Case study 1D with type-1 initial state errors,
effect of unmodeled state noise on the closed-
loop profiles of the estimated and true Kappa
number.

underestimated initial covariance matrix leads to only small
degradation in the estimation quality.

The above observations can be corroborated by analyzing
the system dynamic properties such as the detectability. De-
tectability implies that all unstable modes of the system are
reflected in the measurements and is required for convergence
of the estimates. In analyzing the detectability of the linearized
system for each time step, it was found that, when we use all
the four liquor measurements, the system remains detectable
essentially for all the time steps. But with less than four meas-
urements, such as effective alkali and temperature measure-
ments only, the same observation does not hold. Therefore,
we conclude that, whereas we can expect to recover from the
initial errors in state estimates efficiently using all the four
liquor measurements, the same may not be true with the ef-
fective alkali and temperature measurements only.

From this case study, we conclude that reliable control of
a batch digester is possible when all the four liquor measure-
ments are used for the extended Kalman filter. We can expect
the controller to work adequately, even when the initial state
error (or state noise covariances) is not chosen to reflect the
physical situation exactly.

Case study 2

In this study, the model parameters are perturbed to various
degrees to check the robustness of the state estimation algo-
rithm to model-plant mismatch. This is necessary because often
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Figure 7. Case study 1E with type-2 initial state errors,
effect of high error in initial state estimates
on closed-loop profiles of the estimated and
true Kappa number.

chosen model parameters are not exactly equal to the true
parameters, and such discrepancies can influence the perform-
ance of the controller. Furthermore, while the controller works
well despite a large amount of errors in some parameters, it
may fail when only a small amount of error is present in other

parameters.
Frequency factors and activation energies of various reac-
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Figure 8. Case study 2, the effect of +100% error in
A, and type-1 initial state errors on closed-
loop profiles of the estimated and true Kappa
number.

tions are important model parameters of the pulp digester
model. Recalling the expressions for the reaction rates from
Appendix A, the first rate constant k,, involves A4, and E, as
the frequency factor and activation energy, 4, and E, represent
the same quantities for the second rate constant k,. Since the
number of wood components is five, there are ten activation
energies and ten frequency factors, leading to 20 model pa-

Table 5. Accuracy of Model Parameters; Type of Model Errors and Initial State Estimate Errors Leading to Poor Kappa

Number Estimate

Importance Values Types of
of Model of Initial
Accuracy Parameters Parameters* State Errors

high E,, = first activation energy of second wood component lower type 1
high E,, = first activation energy of second wood component higher type 2
high E,, = second activation energy of second wood component lower type 1
high M,, & M, = constants in mass-transfer coeff. equation higher type 1
high M,, & M,, = constants in mass-transfer coeff. equation lower type 2
medium A,, = first frequency factor of second wood component higher type 1
medium A,, = first frequency factor of second wood component lower type 2
medium E, = second activation energy of first wood component higher type 2
low A, = second frequency factor of first wood component lower type 2

* Based on expected deviations in parameter estimates from their true values.
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Figure 9. Case study 2, the effect of —50% error in
E,, with type-1 initial state errors on closed-
loop profiles of the estimated and true Kappa
number.

rameters. Other model parameters, whose values may be un-
certain, are orders of reaction with respect to NaOH (a) and
NaSH (b), stoichiometric consumption rates of NaOH
(S.,) and NaSH (S, ), constants in the mass-transfer coef-
ficient equation of the liquor components (M, and M,), heat
of reaction (AH,) and specific heat (Cp,,) of the wood com-
ponents. Because the data on M,, M,, AH,, and Cp,, for
various components (i) were unavailable to us, we assumed
that the values for these parameters are the same for all the
components. Therefore, a total of 36 different model param-
eters are considered in this case study.

To bring out the maximum effect of model errors when
coupled with initial state estimate errors, we have simulated
the worst combinations of such errors. One of such worst error
combinations is when we have the type-1 initial state errors
(in this case, the estimated Kappa number is lower than the
true value) and model errors predict the reaction rate to be
faster than the true rate, so that the estimated Kappa number
fall more rapidly than the true value. Therefore, in the absence
of any filtering, the estimated Kappa number will continue to
diverge away from the true Kappa number. Faster reaction is
predicted when the model parameters differ from its true values
such as higher frequency factors, lower activation energies,
higher reaction orders, lower stoichiometric coefficients, higher
mass-transfer coefficients, and higher heat of reaction. An
opposite scenario occurs when the model indicates the reaction
rate to be slower than the true rate, and there exist type-2 initial
state errors.
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We simulated the effect of the error in each parameter when
the initial state errors are present as stated above and found
that these parameters can be arranged in the order of impor-
tance, based on their effect on the controller performance.
Our observation is shown in Table 5. For combinations of
model and initial state errors not listed in this table, the es-
timated and true values were found to approach each other
closely, even when parametric errors as large as + 100% or
—50% (within physical limits) were present.

Figure 8 shows that, even in the presence of + 100% error
in the parameter A, with the type-1 initial errors, the closed-
loop performance remains unaffected. On the other hand,
Figure 9 indicates how the closed-loop performance is adversely
affected when —50% error in the parameter E,, occurs with
the type-1 initial errors. In this case, estimated Kappa number
acquires the target value much ahead of the given batch time,
when no significant change in the true Kappa number occurs.
In other words, compared to A, error in E, has a much more
pronounced effect on the delignification rate and thus more
degrading effect on the Kappa number estimate.

This case study clearly suggests that we must account for
the potential model errors in our design by incorporating either
on-line or frequent off-line identification of the important
model parameters.

Conclusions

The application of the extended-Kalman-filter-based
NLMPC to batch pulp digesters has been discussed. The Ex-
tended Kalman filter and the MPC controller, combined with
new liquor analyzers, can significantly improve control of pulp
digesters, provided that we can identify some critical model
parameters with reasonable accuracy. The extended Kalman
filter utilizing various liquor measurements shows a good con-
vergence property, even when the state errors and disturbances
are undermodeled.

While the case studies indicated great potential for using
model-based control for pulp digesters, they also hinted the
need for on-line estimation of some important model param-
eters. Our preliminary experience with the extended Kalman
filter for simultaneous state/parameter estimation has not been
very positive. This problem needs to be fully resolved before
the technique can be taken to industrial settings. We are in-
vestigating ways of alleviating this difficulty: 1. potential ben-
efits of using more computationally intensive, yet powerful,
nonlinear-programming-based estimation techniques, such as
the receding horizon estimation proposed by Lee et al. (1992);
2. reducing the order and number of parameters for the batch
digester model by lumping together some of less important
physicochemical phenomena. In conjunction with these ef-
forts, experimental study of a bench-scale batch digester is also
being undertaken at Auburn University.
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Notation

a, b = reaction orders (for second term in the expression of R;) of
NaOH and NaSH, respectively

A surface area of such mass transfer, m’
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A,, = lst frequency factor of component i, same units as k,,
A, = 2nd frequency factor of component /, same units as k,,
C, = concentration of ith component in entrapped liquor, kg/m’
C; = concentration of ith component in free liquor, kg/m’
Cp,, = specific heat of ith component in entrapped liquor, kcal/kg-K
Cp;, = specific heat of ith component in free liquor, kcal/kg-K
Cp,, = specific heat of ith component in recirculation liquor,
kcal/kg-K
Cp,, = specific heat of ith component in wood, kcal/kg-K
C, = concentration of ith component in the recirculation (assumed
to be equal to C;), kg/m’
E,, = lst activation energy of component i, kcal/mol
E, = 2nd activation energy of component i, kcal/mol
F, = recirculation flow rate, m*/h

G; total rate of generation of ith entrapped liquor component
(positive for Lignin and total solid, and negative for NaOH
and NaSH), kg/h-kg dry wood mass

AH,; = heat of reaction, (kcal/kg of ith wood component disap-
pearing)
k), = 1st rate constant of component i, h™' (kg/m?®)~'
k,, = 2nd rate constant of component i, h~' (kg/m?*~?"?
K, = total heat capacity, kcal/K
M; = mass-transfer coefficient of ith component between entrapped
and free liquor phases, m/h
M, = total mass of dry wood, kg
M, = empirical constant, m/h
M,, = empirical constant, m/h-K
N, = number of components entrapped in liquor (including water)
N; = number of components in free liquor (inctuding water)
N, = number of components in wood
R = ideal gas constant, kcal/mol-K
R; = reaction rate of ith component based on wood mass, mass
fraction/h
S, = stoichiometric coefficient of ith entrapped liquor component,
per unit mass of jth wood component disappearing by re-
action, kg/kg
T = temperature, K
T, = recirculation temperature, K
V. = total volume of entrapped liquor, m®
V, = total volume of free liquor, m’
X; = concentration of jth component in wood, mass fraction
X,, = unreactable concentration of wood component i, mass frac-

tion
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Appendix A: Model Equations for Batch Pulp
Digester

Equation Al comprises various wood components: high-
reactive lignin, low-reactive lignin, cellulose, galactoglucom-
annan (hemicellulose 1) and araboxylan (hemicellulose 2).
Equation A2 or A3 comprises various entrapped or free liquor
components: total dissolved lignin, dissolved solid (except for
lignin coming out of wood), NaOH and NaSH. For details
about this model including various assumptions see Williams
and Smith (1975) and Williams et al. (1982, 1984, 1987). The
model equations are:

%=Ri (1=i<5) AD
dc, |
Ve dt‘:MwGi_MiA(Ce,—C/‘) (151$4) (A2)
dac;, C,—C)-F,(C;,—C.) (1=i<4) (A3)
Vf_dt_=MiA( o fl) (Cy, ; <i<

Vol. 40, No. 1 AIChE Journal



dT Ny, Ne+1
=M. S (-R)(-AH)+F.Y C,Cp.(T,-T) (A4
Ki—=M Z( R)(-AH) + Zl]C P (T,—T) (A4)
Ri= — [k Coy+ by CLCI) (X~ X,,) (AS5)
ki, = A, B /R (A6)
kzl = A zleEz’/RT (A7)
2
Lignin: G,= - ) |R; (A8)
j=1
5
Solid: G,= - D R, (A9)
i=3
5
NaOH: G;= ) S, R (A10)
j=1
5
NaSH: G,= >S5, R; (A11)
i=1
M;=M, +M,T (A12)
N Ne+1 Ne+1
K= {MWZ CPuXit Ve D, CPCo+ Vi Y Cp,,c,,] (A13)
izl i=1 i=1

Appendix B
Model parameters for EKF

Matrices 4,_, and BZ_, in Eqs. 25 are obtained through
affine linear approximation of the nonlinear model (Eq. Bl)
with respect to Xy_, =Xg_1x-, and d_;=C"x}_ .-, and are
defined as:

Ak—lzexP(fik—lTx) (B1H)
T, _ _
BZ—I=S exp (A 17)d7-By_ k- (B2)
0
- of(x, u, d
i, _Ifau_> (B3)
X X=Xk 4=t 1, d=C"XF 1k
- f(x, u, d
B, ‘:f(_ad_._) (B4)
X=Xg_qtk-d=tg 1, d=C"X{_ 1k

C, and C{ in Eq. 29 are obtained through linearization of
output Eq. B3 with respect to the estimates x, =X, and
d,=C"x} ., and are defined as:

c-%xd (BS)
ox X=Xl 1, d=C"XF1e- 1

ci_ 98 d) (B6)
od X=Xglk-1,d=C*Xx_1
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After measurement correction has been done at time &, the
model is linearized as:

X +1 fr,(xklk, ug_1, C"x¢10) %
w = W W + (u/(_uk—l)
Xk +1 A"x{ 0
], ®iC” - 0
+ k X — Xelk + we (B7)
0 A" XE— XKk B

with various constant matrices are obtained through lineari-
zation of dynamic model (Eqs. B1-B3) with respect to (x4,
U, and dy = C"x}\) as:

Q. =exp(Q,;T,) (B8)
T, _
(BZ=S exp(®,7)dr- B! (B9)
0
T, _
<B£=S exp(®,7)dr- & (B10)
0
~  of(x,u,d
ak-;_f(a—) (B11)
X X=Xy U=ty 1, d=C"x}1y
= Of(x,u, d
(BZ:i(a_) (B12)
U w
X=Xl U= Uy, 4= C"XF 14
. df(x, u,d)
d_Y\h U, &)
&k ad X=Xyl U= 1, d=C"x (B13)

Note that, since expectations of x;, — x;, and w, are both zero,
[xkﬂlk N fTs(xklkr Ue_1, C"X5i)
XEi1lk A"xi
(Bll
+[ Ok] (ue—u,_y) (Bl14)

Now, extending this idea to p future time steps, one can develop
the multistep prediction equation of controlied variables ())
as:

Y 11e= Sk (Xkties Ug—15 Xi1a) + SExic+ Si AU,

A (B15)
= Yoo rx+ SEAU,
where,
Yirtlk Auy
Yir116= yitﬂk 3 AUy= Au.kﬂ (B16)
yiiplk Ay py
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S (Xeio> Uk-1y Xih)

HfTs(xklk; Ug_1, C"x¢1k)
Hfy 7.( X1k U1 C" (A X l0<i<1)

(B17)

Hfy 7, Xe1ks Upe—1s C*(A,)x10=<i<p)

w_
K=

H'C"A”
HC"(A")?

H"CW.(A")”

(B18)

H® o --- 0
H(Q,®¢+®) HBY ---

Sk=

(B19)
o HRE®: --- .- H®:

Jor, Xeter Wiy, C¥(A"Yx¥ulo<i<p-1] Tepresents the terminal
state values resulting from integrating the nonlinear differential
equation x =f(x, u, d) for p sampling intervals with initial
condition x;,, constant input u=u,_, and piecewise constant
input d taking the value of C*(A")'x}, during the time interval
k+i, k+i+1].
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